Published by Institute of Physics Publishing for SISSA/ISAS Received: March 2, 2004 Revised: September 6, 2004 Accepted: September 26, 2004

Anomaly-matching and Higgs-less effective theories

Johannes Hirn^{ab} and Jan Stern^a

aGroupe Physique Théorique,^∗ IPN Orsay Université Paris-Sud XI, 91406 Orsay, France bInstitute for Particle Physics Phenomenology University of Durham, Durham DH1 3LE, U.K. E-mail: johannes.hirn@durham.ac.uk, stern@ipno.in2p3.fr

Abstract: We reconsider the low-energy effective theory for Higgs-less electroweak symmetry breaking: we study the anomaly-matching in the situation where all Goldstone fields disappear from the spectrum as a result of the Higgs mechanism. We find that the global SU(2)_L × SU(2)_R × U(1)_{B−L} symmetry of the underlying theory, which is spontaneously broken SU(2)_{L+R} × U(1)_{B−L}, has to be anomaly-free. For the sake of generality, we include the possibility of light spin-1/2 bound states resulting from the dynamics of the strongly-interacting symmetry-breaking sector, in addition to the Goldstone bosons. Such composite fermions may have non-standard couplings at the leading order, and an arbitrary total B − L charge. In order to perform the anomaly-matching in that case, we generalize the construction of the Wess-Zumino effective lagrangian. Composite fermions beyond the three known generations are theoretically allowed, and there are no restrictions from the anomaly-matching on their couplings nor on their U(1)_{B−L} charge. Absence of global anomalies for the composite sector as a whole does not preclude anomalous triple gauge boson couplings arising from composite fermion triangular diagrams. On the other hand, the trace of B − L over elementary fermions must vanish if all Goldstone modes are to disappear from the spectrum.

Keywords: Spontaneous Symmetry Breaking, Anomalies in Field and String Theories, Beyond Standard Model, Chiral Lagrangians.

∗Unité mixte de recherche 8608.

© SISSA/ISAS 2004 http://jhep.sissa.it/archive/papers/jhep092004058 /jhep092004058 .pdf

Contents

1. Introduction 1

2. Composite and elementary sectors 3 2.1 Low-energy representation of the symmetry-breaking sector 4 2.2 The elementary sector and spurion-induced couplings 7

3. Anomalies 11 3.1 Anomalies of the techni-theory for low-energy symmetries 11 3.2 Variation of the determinant for composite fermions 14 3.3 Anomaly-matching 15

4. Anomaly-matching in a Higgs-less effective theory 18 4.1 Anomaly obstruction: the composite sector 18 4.2 Elementary fermions in the unitary gauge 22

5. Triangles in the unitary gauge 24

6. Conclusion 29

1. Introduction

The detailed dynamics of the electroweak symmetry breaking (EWSB) is so far unknown, and the possibility that it may be strongly-interacting above a few TeV scale is not ruled out. Below that scale a systematic description would then be provided by a Low-Energy Effective Theory (LEET) following the lines initiated by Weinberg [1]. In the limit of small momenta the effective theory remains weakly coupled and the relevant degrees of freedom remain light due to the underlying chiral and gauge symmetries. The LEET is formulated as a systematic expansion in powers of momenta. The list of light fields relevant at low energies whose mass is protected by a symmetry is then a required input. Here, we will assume a minimal content of the composite EWSB sector: the only light bosonic fields are the three Goldstone modes arising from the spontaneous breakdown of the symmetry SU(2)_L ×SU(2)_R ×U(1) −→ SU(2)_{L+R} ×U(1), which is supposed to characterize the strongly interacting symmetry breaking sector at low energies (the underlying theory will be referred to as ‘techni-theory’). In addition we introduce elementary fields external to the techni-theory: SU(2) × SU(2) Yang-Mills fields and the elementary fermion doublets. Once the elementary sector and the composite sectors are coupled, the three Goldstone bosons produce the masses of the W^± and Z^0 in the usual way. This scenario corresponds to the case of Higgs-less symmetry breaking, in which no light scalar remains in the spectrum.

– 1 –

Renormalization is then performed order-by-order in the low-energy expansion. Similarly, unitarity is gradually restored in the same momentum expansion, rather than in powers of coupling constants as would be the case for a renormalizable theory. In a LEET, even though observables do not depend on a cut-off or on a renormalization scale, there is an energy scale inherent to the theory above which the low-energy expansion becomes unreliable. In the case of Chiral Perturbation Theory (χPT) [2, 3], this scale is known to be given by Λ ≃ 4πf [4], where f is the pion decay constant, although one may hope that the inclusion of additional states (resonances) in the LEET can push this scale up. In the case of EWSB, a similar reasoning leads to an estimate of Λ ≃ 3 TeV .

At a given level of accuracy, O(p^2), O(p^4),. . . , new renormalized low-energy constants appear in addition to loop contributions. Precision experiments can then be used to fix these constants, and this has been partially done previously, see e.g. [5, 6]. The values of these constants reflect the details of the unknown dynamics of the techni-theory. In the past, different models for the techni-theory and for Higgs-less EWSB have been considered: for instance technicolor models [7], directly inspired by QCD, suggest values of O(p^4) lowenergy constants, which are at variance with electroweak precision tests [8]–[12]. For a more recent discussion, see also [13]. More refined versions such as walking technicolor [14]–[18], are not yet completely excluded [11, 12]. Another particular example is the heavy Higgs limit of the Standard Model (SM) [19, 20, 21, 13]. More recently, Higgs-less models [22, 23, 24] have been revived, in connection with five-dimensional set-ups. The variety of this (incomplete) list incites us to approach the question in a model-independent way within a LEET, trying to understand the generic features of Higgs-less EWSB.

In the Higgs-less LEET, difficulties arise first at the leading O(p^2) order: given the standard power counting and the symmetry of the problem SU(2) × U(1), one finds O(p^2) operators, which are not observed experimentally. The problem is then to suppress these unwanted terms naturally. A systematic framework for the resolution of this problem has been proposed in [25]: one appeals to a larger symmetry, characteristic of the situation where the elementary gauge and elementary fermion sector on one hand and the composite symmetry-breaking sector on the other hand are decoupled. This larger natural symmetry is [SU(2) × SU(2)]^2 × U(1). The link between the two sectors is introduced via non-propagating spurion fields, which are assumed to be covariantly constant. The solution of these constraints is invariant under a reduced symmetry SU(2) × U (1), introducing the coupling between composite Goldstone modes and elementary fields. Using the relics of the spurions as small expansion parameters, the scheme gives a consistent description for the suppression of the aforementioned unwanted terms, namely non-standard couplings of fermions to vector bosons, and tree-level S parameter. In addition, it allows for a description of fermion masses including mass-splittings within doublets at the same order as the masses themselves, standard CKM mixing and CP violation.

In this paper, we address a second potential problem of Higgs-less effective theories concerning anomaly-matching [26], which requires clarification. The anomalous Ward identities for the symmetry currents of the techni-theory have to be reproduced in the LEET by light spin-0 or spin-1/2 physical states [27]. In the absence of the latter, this amounts to the construction of a Wess-Zumino effective lagrangian involving the Goldstone fields [28].

– 2 –

It is not a priori clear how the anomaly-matching proceeds if all spin-0 physical states disappear from the spectrum due to the Higgs mechanism. Therefore, we consider the possibility of light composite fermions as bound states of the techni-theory and investigate the anomaly-matching condition in a Higgs-less theory with this more general setting. Note that the distinction between composite and elementary fermions from the point of view of the underlying theory is clear: the first ones are not fundamental variables, but appear among the bound states as a consequence of the strong dynamics of the techni-theory, while the latter are introduced as fundamental fields external to the techni-theory. Therefore, elementary fermions do not participate in the anomaly-matching, given that they are described by the same fields both in the low and high-energy descriptions.

The paper is organized as follows.

In section 2, we give an overview of the content of the composite and elementary sectors, and their coupling via spurions. We show that, contrary to elementary fermions, composite fermions have non-standard couplings at O(p^2).

Section 3 deals with the anomaly-matching between the techni-theory and its effective theory in the general case: we first study the variation of the generating functional for the Noether currents of the techni-theory. This variation is reproduced by a standard Wess- Zumino lagrangian in the absence of composite fermions. We show that, if such fermions are present, it is always possible to build a generalized Wess-Zumino action such that the sum of its variation and the variation of the composite fermion determinant reproduces the anomalies of the techni-theory, whatever the values of the non-standard couplings of the composite fermions. Therefore, the couplings of these composite fermions are unconstrained, including the value of their U(1)_{B−L} charge: there is no such constraint as the vanishing of the trace of B − L over composite fermions.

The main result of the anomaly-matching in Higgs-less theories is presented in section 4. It concerns the techni-theory itself: its low-energy symmetry SU(2)_L × SU(2)_R × U(1)_{B−L} must be anomaly-free if all Goldstone modes are to disappear from the spectrum via the Higgs mechanism. This statement is independent of the presence of composite fermions. The vanishing of the trace of B − L for elementary fermions is still required in order to allow for a consistent formulation of the Higgs-less EWSB. Notice that the logical status of this result is quite different from what happens in the SM, where it stems from the requirement of renormalizability.

Finally, in section 5, we give the appropriate formulation for the theory in the unitary gauge. In particular, we study the contribution of triangular diagrams involving composite fermions to triple gauge boson vertices.

We conclude in section 6 by summarizing our main results and mentioning open questions.

2. Composite and elementary sectors

In this section we describe the LEET at lowest order, distinguishing between the composite sector resulting from the dynamics of the techni-theory and the elementary sector. In the bosonic sector, only the four elementary gauge fields that become the W^±, Z^0 and photon

– 3 – are introduced, together with the three real Goldstone bosons (composite fields) required to give them masses. These Goldstone bosons describe the spontaneous breaking of symmetry SU(2)_L × SU(2)_R −→ SU(2)_{L+R} assumed to occur as a result of the strong dynamics of the techni-theory. In addition, we consider the case where the theory has a global vector symmetry U(1)_{B−L}, which is required for our construction.^1

The generating functional for the seven Noether currents J^{aμ}_L , J^{aμ}_R , for a = 1, 2, 3, and J^μ_{B−L} that correspond to global symmetries of the techni-theory can be formally defined through the relation e^{iΓ}[^{Lμ,Rμ,B0μ}] = ∫ d [T ] e^i ∫ dxL_{TT}[T ]+J^{aμ}_L [T ]L^a_μ+J^{aμ}_R [T ]R^a_μ+J^μ_{B−L}[T ]B^0_μ . (2.1)

Here T collectively denotes the fundamental fields of the techni-theory and L_{TT} is its — unspecified — lagrangian. The sources L^a_μ, R^a_μ, B^0_μ in principle allow us to extract Green’s functions for the corresponding Noether currents. In fact, the reason we resort to a LEET stems from our ignorance: we do not know what the appropriate variables T are. Instead, we work with the representation of the techni-theory in terms of the lowenergy variables, defined as an expansion in powers of momenta and other appropriate parameters [1]. This expansion relies on the symmetries of the theory and the fact that the currents have to satisfy both normal and anomalous Ward identities. The latter are known up to a multiplicative constant, which reflects the field content of the techni-theory at higher energies. The anomalous Ward identities obtained from the fundamental theory have to be reproduced by the LEET itself. Before we turn to this anomaly-matching, we describe the low-energy representation of the symmetry-breaking sector, and then the elementary sector, which is external to the techni-theory. We also briefly review how the coupling between the two sectors is introduced via spurions.

2.1 Low-energy representation of the symmetry-breaking sector

The minimal field content of the symmetry-breaking sector is a triplet of Goldstone bosons. As schematized in figure 1, the Goldstone modes are parameterized in the LEET by an SU(2) matrix Σ transforming as Σ −→ LΣR^† , (2.2) with (L, R) ∈ SU(2)_L ×SU(2)_R. In order to deal with the Noether currents generated by the symmetries of the techni-theory, we consider local SU(2)_L × SU(2)_R transformations and introduce the same sources first used in (2.1) as connections in the covariant derivative [2]

D_μΣ = ∂_μΣ − iL_μΣ + iΣR_μ . (2.3)

Up to anomalies, the lagrangian must be invariant if we simultaneously perform the following transformations on the sources [29] L_μ −→ LL_μL^† + iL∂_μL^† , (2.4) 1In fact, the identification of the B − L transformation with the third component of the right isospin (to obtain the hypercharge transformation) will be obtained via the constraint applied on the spurion ϕ. This procedure allows us to maintain the SU(2) custodial symmetry in the lagrangian.

– 4 –

Figure 1: Transformation properties of the Goldstone bosons.

Figure 2: Transformation properties of the composite fermions. R_μ −→ RR_μR^† + iR∂_μR^† . (2.5) The power counting for the low-energy expansion is known [2]

∂_μ, L_μ, R_μ, B^0_μ = O(p^1) , (2.6) f, Σ = O(p^0) , (2.7)

where f is the Goldstone boson decay constant. The energy scale Λ to which the momenta have to be compared to is known to be approximately equal to 4πf [4]. The leading-order O(p^2) lagrangian is then

L_{SB} = f^2 4 ⟨ D_μΣD^μΣ^† ⟩ , (2.8)

where ⟨· · · ⟩ denotes the trace of a two-by-two matrix. The full effective lagrangian is to be constructed as the most general expression satisfying the symmetry requirements, organized as an order-by-order expansion in powers of momenta.

It is an open possibility, though not a necessity, that the techni-theory also produces light spin-1/2 bound states: composite fermions. These would then transform under the same SU(2)_L ×SU(2)_R transformation as the Goldstone bosons, which are the other bound states of the techni-theory. By including composite fermions in the LEET, we are implicitly assuming that they are light with respect to the scale Λ. This can be understood for instance if they play a role in the anomaly-matching [26]. Consequently, light composite fermions have to be included in a discussion of anomaly-matching for the sake of completeness.

The left and right-handed composite fermion doublets are

χ^c_{L,R} =

1 ∓ γ_5 2 χ^c , (2.9)

with the appropriate counting given by [30, 13]

χ^c = O(p^{1/2}) . (2.10)

These fermions are taken to have identical charges under the U(1)_{B−L} symmetry^2

χ^c_L −→^tχ^c_L = Re^{−i B−L2 α0} χ^c_L , (2.11)

2In order to conform to the standard notation dealing with anomalies, we will call α^0 the gauge function instead of β^0 used in [25].

– 5 – χ^c_R −→^tχ^c_R = Le^{−i B−L2 α0} χ^c_R . (2.12)

Here, B − L is just a generic parameter characterizing each composite fermion doublet.

Except for the U(1)_{B−L} symmetry, the transformation properties are summarized in figure 2. We will mention briefly at the end of section 3.3 why other possibilities for the transformation properties of these fermions are not of interest in the context of this paper, in connection with the anomaly-matching. The most general lagrangian of order O(p^2) involving composite fermions and invariant under SU(2)_L × SU(2)_R × U(1)_{B−L} is

L_{comp . ferm .} = iχ^cγ^μD_μχ^c + iδ_Lχ^c_L ( Σ^†D_μΣ ) χ^c_L +

+iδ_Rχ^c_R ( ΣD_μΣ^† ) χ^c_R + four-fermion interactions , (2.13)

where the four-fermion interactions are suppressed by an unknown scale, which has no obvious relation to the scale Λ introduced above in connection with Goldstone fields. Consequently, we will neglect these four-fermion interactions in the sequel. The covariant derivative in (2.13) is given by

D_μχ^c = ∂_μχ^c − i { B − L 2 B^0_μ +

1 − γ_5 2 R_μ +

1 + γ_5 2 L_μ } χ^c , (2.14)

where the U(1)_{B−L} connection occurring in this covariant derivative transforms as follows

B^0_μ −→ B^0_μ − ∂_μα^0 . (2.15)

Since composite fermions are directly coupled to the Goldstone bosons, a gauge invariant mass term can be included in L_{comp . ferm .} (2.13)

L_{comp . ferm .} −→ L_{comp . ferm .} − m ( χ^c_LΣ^†χ^c_R + χ^c_RΣχ^c_L ) . (2.16)

There is nothing, in what we have described up to now, that forces the coefficient m appearing in front of this operator to be small. Notice however that, in order for this last term in (2.16) to be counted as O(p^2) together with the kinetic term in (2.13) so as to reproduce the pole in the propagator, m should be counted as O(p^1). This is related to the need for a mechanism to keep this mass light: we are assuming that such a mechanism is at play, and therefore use the counting

m = O(p^1) . (2.17)

At this level, mass-splittings within doublets are forbidden by the symmetry SU(2)_L × SU(2)_R × U(1)_{B−L}.

Non-standard couplings δ_L, δ_R, whose strength are not fixed [31, 32], are already present at leading-order in (2.13), due to the symmetry being realized non-linearly on the Goldstone fields.^3 For elementary fermions, such non-standard couplings are suppressed since they necessarily involve spurions, see [25].

3In the standard elementary Higgs model, these non-standard terms would appear as dimension six operator.

– 6 –

This completes for the time being the effective low-energy description of the composite sector: the low-energy representation for the generating functional (2.1) is then e^{iΓ}[^{Lμ,Rμ,B0μ}] = ∫ d [Σ] d [χ^c] e^i ∫ dxL_{SB}[Σ,L_μ,R_μ,B^0_μ]+L_{comp . ferm .}[χ^c,Σ,L_μ,R_μ,B^0_μ]+O(p^4) . (2.18)

We now turn to the elementary sector, and to the coupling between the two sectors via spurions.

2.2 The elementary sector and spurion-induced couplings

The elementary sector is external to the techni-theory: in the low-energy description, this results in a separation between the composite sector described in section 2.1, and the elementary sector. The two sectors will only be coupled via spurions.

Among the elementary fields are the gauge fields, which we introduce as an SU(2)_{G0} × SU(2)_{G1} Yang-Mills theory, with the connections transforming as

G_{0μ} −→ G_0G_{0μ}G^†_0 + i g_0

G_0∂_μG^†_0 , (2.19)

G_{1μ} −→ G_1G_{1μ}G^†_1 + i g_1

G_1∂_μG^†_1 , (2.20)

where (G_0, G_1) ∈ SU(2)^2. With the usual power counting [33, 30]

G_{0μ}, G_{1μ} = O ( p^0 ) , (2.21) g_0, g_1 = O(p^1) , (2.22)

the O(p^2) lagrangian is then simply

L_{gauge} = − 1 2 ⟨G_{1μν} G^{μν}_1 ⟩ − 1 2 ⟨G_{0μν} G^{μν}_0 ⟩ . (2.23)

In the above, the field-strengths are as usual

G_{kμν} = ∂_μG_{kμ} − ∂_ν G_{kμ} − ig_k [G_{kμ}, G_{kν} ] , for k = 0, 1 . (2.24)

Elementary fermions doublets χ^e are directly coupled to the gauge fields of SU(2)_{G0} × SU (2)_{G1} , rather than being charged under the symmetries of the techni-theory SU(2)_L × SU (2)_R as is the case for composite fermions χ^c (see section 2.1). The elementary fermions transform as

χ^e_L −→ G_1e^{−i B−L2 α0} χ^e_L , (2.25) χ^e_R −→ G_0e^{−i B−L2 α0} χ^e_R . (2.26)

Note that the value of B − L for elementary fermion and composite fermion doublets are a priori different. The complete O(p^2) lagrangian describing elementary fermions reads

L_{elem . ferm .} = iχ^eγ^μD_μχ^e + four-fermion interactions , (2.27)

– 7 –

Figure 3: The composite and elementary sectors decoupled.

where D_μχ^e = ∂_μχ^e − i { B − L 2 B^0_μ +

1 − γ_5 2 g_1G_{1μ} +

1 + γ_5 2 g_0G_{0μ} } χ^e . (2.28)

Here again, it is assumed that the four-fermion interactions are suppressed by another sufficiently large scale, and are henceforth neglected. At this stage, there are no couplings between the composite and elementary sectors, as evidenced in figure 3, where the transformation properties of all fields introduced up to now are summarized. The full O(p^2) lagrangian is indeed the sum of terms involving composite fields on one side and elementary ones on the other

L_2 = (L_{SB} + L_{comp . ferm .}) + (L_{gauge} + L_{elem . ferm .}) . (2.29)

Its invariance group is

S_{natural} = SU(2)_L × SU(2)_R × SU(2)_{G0} × SU(2)_{G1} × U(1)_{B−L} . (2.30)

The couplings between the Goldstone modes and the elementary gauge fields are introduced through constraints enforced via spurions, following the formalism developed at length in [25]. For convenience, we reproduce here the main steps. The spurions link the SU(2)_L ×SU(2)_R ×U(1)_{B−L} transformations on one side with the SU(2)_{G0} ×SU(2)_{G1} gauge group on the other side. We introduce the two-by-two matrices X and Ỹ and the complex doublet ϕ. X is taken to satisfy the reality condition

X = τ^2X^∗τ^2 . (2.31)

The transformation properties of the spurions are X −→ RXG^†_1 , (2.32) Ỹ −→ G_0Ỹ L^† , (2.33)

ϕ −→ G_0e^{i α02} ϕ . (2.34)

Conditions of covariant constancy

D_μX = ∂_μX − iR_μX + ig_1XG_{1μ} = 0 , (2.35) D_μỸ = ∂_μỸ − ig_0G_{0μ}Ỹ + iỸ L_μ = 0 , (2.36)

D_μϕ = ∂_μϕ − ig_0G_{0μ}ϕ + i

B^0_μ 2 ϕ = 0 , (2.37)

are imposed on the spurions. These constraints imply the correct vacuum alignment of gauge connections and the coupling of gauge fields with Goldstone bosons. The solution

– 8 –

Figure 4: Spurion couplings in the presence of composite fermions.

Figure 5: Spurion couplings in the presence of elementary fermions.

to the constraints (2.35)–(2.37) was given in [25]: it is possible to find a gauge — which we will call standard gauge — where the spurions reduce to four real constants and one phase φ, yielding

X|_{s.g.} = ξ ( 1 0 0 1 ) , (2.38) Ỹ | | s.g.

= e^{iφ} ( η_1 0 0 η_2 ) , (2.39)

ϕ|_{s.g.} = ( ζ 0 ) . (2.40)

The constants ξ, η_1, η_2 and ζ will be considered as small parameters. For notation purposes, we introduce the power counting

ξ, η_1, η_2 = O(ϵ) . (2.41)

The spurion ζ is likely to be even smaller [25] and we count it separately. In the sequel, the phase φ does not play any physical role: it can be eliminated by appropriate redefinitions.

The standard gauge in which (2.38)–(2.40) hold is reached by making use of an SU(2)_R ×U(1)_{B−L} transformation, together with a SU(2)_{G0} ×SU(2)_L/U(1)_{L+G0 ,τ} 3 transformation, leaving us with an SU(2)_{G1} × U(1)_{L+G0 ,τ} 3 gauge freedom. Indeed, in this standard gauge, the connections are identified as a consequence of the constraints (2.35)–(2.37) as follows

R_μ|_{s.g.} = g_1G_{1μ} , (2.42) L^{1,2}_μ | s.g. = G 1,2 0μ = 0 , (2.43) L^3_μ | s.g. = B 0 μ | s.g. = g0G 3 0μ = g_0b^0_μ . (2.44)

In the last equation, a new notation b^0_μ for the U (1) gauge field has been introduced. In summary, the spurions Ỹ , X, ϕ have enabled us to reduce the symmetry from S_{natural} down to S_{reduced} = SU(2) × U(1)_Y . (2.45)

S_{reduced} is actually the residual the symmetry of the solution of the constraints (2.35)– (2.37).

The transformation properties of all fields introduced up to now are summarized in figure 4 and 5, where both cases with composite and elementary fermions are presented separately for convenience.

– 9 –

We are now in a position to write down the lowest-order terms in the full effective lagrangian. At leading order O(p^2ϵ^0ζ^0), the lagrangian actually coincides with (2.29). The interactions appear through the constraints (2.35)–(2.37)

L^{(2,0,0)} = (L_{SB} + L_{comp . ferm .} + L_{gauge} + L_{elem . ferm .})|_{constraints} . (2.46)

Terms invariant under S_{natural} (2.30) other than those included in (2.46) will involve additional powers of momentum (or coupling constants) or powers of the spurions, and are therefore suppressed. The couplings are best evidenced by writing down the covariant derivative for the Goldstone fields and then injecting the solution to the constraints, given in (2.42)–(2.44). One finds

∇_μΣ = D_μΣ|_{s.g.} = ∂_μΣ − ig_0b^0_μ τ^3 2 Σ + ig_1ΣG_{1μ} . (2.47)

Performing the same manipulation for the covariant derivatives acting on both composite (2.14) and elementary fermions (2.28), the same expression is obtained

∇_μχ_L = D_μχ_L|_{s.g.} = ∂_μχ_L − i ( g_1G_{1μ} + g_0 B − L 2 b^0_μ ) χ_L , (2.48)

∇_μχ_R = D_μχ_R|_{s.g.} = ∂_μχ_R − ig_0 ( τ^3 2 + B − L 2 ) b^0_μχ_R , (2.49)

where we have removed the superscripts e and c. This is indeed the desired result: we recognize SM-like covariant derivatives up to a change in notation. This however does not imply that the couplings of the composite fermions to the elementary gauge fields are identical to those of the SM fermions since the terms appearing with the free multiplicative factors δ_L, δ_R are allowed at leading order for composite fermions (2.13).

Writing the O(p^2ϵ^0ζ^0) lagrangian (2.46) in the same standard gauge where (2.38)– (2.40) hold, we obtain

L^{(2,0,0)} | | s.g. = f^2 4 ⟨ ∇_μΣ∇^μΣ^† ⟩ − 1 2 ⟨G_{1μν} G^{μν}_1 ⟩ − 1 4 b^0_{μν} b^{0μν} + iχ^eγ^μ∇_μχ^e +

+iχ^cγ^μ∇_μχ^c − m ( χ^c_LΣ^†χ^c_R + χ^c_RΣχ^c_L ) + +δ_Lχ^c_Lγ^μ ( iΣ^†∂_μΣ + g_0b^0_μΣ^† τ^3 2 Σ − g_1G_{1μ} ) χ^c_L +

+δ_Rχ^c_Rγ^μ ( iΣ∂_μΣ^† + g_1ΣG_{1μ}Σ^† − g_0b^0_μ τ^3 2 ) χ^c_R , (2.50)

with b^0_{μν} a standard U(1) field-strength

b^0_{μν} = ∂_μb^0_ν − ∂_ν b^0_μ . (2.51)

The main specificity of composite fermions at this level comes from the non-standard δ_L, δ_R terms. It would seem that fermions with such couplings are ruled out by experiments testing the universality of left-handed couplings as well as couplings of right-handed fermions to

– 10 – the W^±. However, one may entertain the view that there may be such fermions in addition to the three known generations. They must then be heavier in order to have eluded detection at accelerators until now, and do not necessarily constitute a full generation in the usual sense: the sum of B − L over these composite fermions may be non-vanishing.^4 As it happens, such composite fermions naturally come out heavier than the elementary ones: this is evidenced by the fact that we can build a mass term for them that does not involve spurions, as shown in (2.16), whereas mass terms for elementary fermions would be suppressed by two powers of spurions [25]. On the other hand, mass-splittings appear in both cases only at O(p^1ϵ^2ζ^0) since they require the spurion Ỹ , meaning that the ratio of splittings to the mean mass is smaller for composite fermions doublets than for elementary ones. Of course, the two types of fermions may also mix since multiplication of one type of field by the appropriate spurion yields a field transforming as the other type of fermion. Such a mixing is a higher-order effect in the spurion expansion, and is expected to be small. The distinction between elementary and composite fermions therefore holds order-by-order in the spurion expansion.

Except for the non-standard couplings δ_L, δ_R of the composite fermions (or in the absence of the latter), the lagrangian (2.50) leads to EWSB with the same tree-level relations as in the SM without physical Higgs particle [25].

3. Anomalies

In this section, we discuss the anomaly-matching between the LEET and the underlying techni-theory. We perform this analysis in the general case, taking into account composite fermions if present. Since we will be dealing with the matching between the techni-theory and its low-energy representation, the introduction of the gauge symmetry SU(2)_{G0} × SU(2)_{G1} can be relegated to a later stage: the corresponding gauge fields only play the role of spectators. The same is true of the spurions. We can thus use a description involving only the SU(2)_L × SU(2)_R × U(1)_{B−L} symmetry: we focus on the relation between the generating functional Γ [ L_μ, R_μ, B^0_μ ] defined in (2.1) and its expression in terms of the low-energy variables (2.18).

3.1 Anomalies of the techni-theory for low-energy symmetries The Noether currents of the techni-theory J^{aμ}_L , J^{aμ}_R , J^μ_{B−L} were introduced in (2.1): they correspond to the global symmetries of the techni-theory that operate on the low-energy fields. We study their anomalous Green’s functions denoting by t a generic transformation in the group of low-energy symmetries of the techni-theory SU(2)_L × SU(2)_R × U(1)_{B−L}. We parameterize the transformation t by the seven functions α = α^aτ^a/2, β = β^aτ^a/2 and α^0 as t = ( L = e^{i(α−β)}, R = e^{i(α+β)}, α^0 ) . (3.1)

Under a transformation t, the sources are modified according to

L_μ −→^tL_μ = LL_μL^† + iL∂_μL^† , (3.2)

4We will come back to the value of the trace of B − L for elementary fermions in section 4.2.

– 11 –

R_μ −→^tR_μ = RR_μR^† + iR∂_μR^† , (3.3) B^0_μ −→^tB^0_μ = B^0_μ − ∂_μα^0 . (3.4)

At this point, it is useful to introduce differential operators acting on the sources in order to reproduce the above transformations. However, in addition to these sources, we have introduced the set of Goldstone fields {π^a|a = 1, 2, 3} in order to reproduce the low-energy singularities of the theory. These fields are collected in the unitary matrix Σ

Σ = e^{i π} aτ a f = cos(π̂) + i π fπ̂ sin(π̂) , (3.5)

where we have defined π = π^aτ^a and π̂ = √ π^aπ^a/f. We are therefore interested in a definition of the differential operator that also acts directly on these Goldstone fields [28, 34] — as opposed to it operating via the equations of motion [3]. In order to reproduce the transformation of the Goldstone modes (2.2) under t, we introduce the following infinitesimal construction, explicited as the action of D(α, β, α^0) on a generic functional f[Σ, L_μ, R_μ, B^0_μ] D(α, β, α^0)f[Σ, L_μ, R_μ, B^0_μ] = = ∫ dx { α^0∂_μ δf δB^0_μ(x)

+ {−(α^a + β^a)∂_μ + i[α + β, R_μ]^a} δf δR^a_μ(x) + +{−(α^a − β^a)∂_μ + i[α − β, L_μ]^a} δf δL^a_μ(x) + + { i[α, π]^a+ fπ̂ sin(π̂) ( − β^a cos(π̂) + β^b π^bπ^a f^2π̂^2 ( cos(π̂) − 1 π̂ sin(π̂) ))} × δf δπ^a(x) } . (3.6)

One can check explicitly that (3.6) indeed yields the desired result e^D(^{α,β,α0})f [ Σ, L_μ, R_μ, B^0_μ ] = f [_t Σ,^tL_μ,^tR_μ,^tB^0_μ ] . (3.7)

With these definitions, we can perform the Wess-Zumino construction in our setting: since we will build upon the result in the sequel, we describe this standard procedure. We use the differential operator D(α, β, α^0) of (3.6) to express the variation of the generating functional Γ [ L_μ, R_μ, B^0_μ ] defined in (2.1) under a transformation applied on the technifields T . This variation is determined by the content of the techni-theory. Assuming the group of transformation SU(2)_L ×SU (2)_R ×U(1)_{B−L} to act linearly on the techni-fermions, which constitute a subset of the fundamental variables T , the action of the differential operator defined in (3.6) will yield a standard Bardeen variation [35, 36, 37, 38, 39, 40, 2, 41]. This variation is therefore known up to a multiplicative coefficient k_{TT}, which constitutes the only unknown here D(α, β, α^0)Γ [ L_μ, R_μ, B^0_μ ] = −k_{TT} ∫ dx ⟨ βΩ [ L_μ, R_μ, B^0_μ ]⟩ , (3.8)

where a standard Bardeen functional appears Ω [ L_μ, R_μ, B^0_μ ] = O ( p^4ϵ^0ζ^0 ) . (3.9)

– 12 –

For the group SU(2)_L × SU(2)_R × U(1)_{B−L}, this functional assumes the form [42] Ω [ L_μ, R_μ, B^0_μ ] = 1 16π^2 ε^{μνρσ}B^0_{μν} (∂_ρL_σ + ∂_ρR_σ − i [R_ρ, L_σ ]) . (3.10)

For a theory such as QCD, the value of the analogue of k_{TT} is known: it is equal to N_c/3 where N_c is the number of colors and the division by three is due to the baryon number of the quarks being equal to 1/3 with the standard normalization of the U(1)_{B−L} charges. We will come back to the value of the constant k_{TT} later in section 4.1.

One may check explicitly, using relation (3.7), that the Bardeen functional in (3.10) verifies the Wess-Zumino integrability conditions [28] expressing the commutation relation of the algebra D ( τ^a 2 , 0, 0 ) Ω^b [ L_μ, R_μ, B^0_μ ] = ε^{abc}Ω^c [ L_μ, R_μ, B^0_μ ] , (3.11) ε^{abc}D ( 0, τ^a 2 , 0 ) Ω^b [ L_μ, R_μ, B^0_μ ] = 0 , (3.12) D ( 0, 0, α^0 ) Ω [ L_μ, R_μ, B^0_μ ] = 0 . (3.13)

These consistency conditions imply that the variation (3.8) can be reproduced in the lowenergy theory by an O(p^4ϵ^0ζ^0) Wess-Zumino action S_{WZ}[Σ, L_μ, R_μ, B^0_μ] depending on the Goldstone boson fields, such that D ( α, β, α^0 ) S_{WZ} [ Σ, L_μ, R_μ, B^0_μ ] = − ∫ dx ⟨ βΩ [ L_μ, R_μ, B^0_μ ]⟩ . (3.14)

The appropriate action S_{WZ}[Σ, L_μ, R_μ, B^0_μ] is found by integration of the differential equation (3.14). Under the boundary condition

S_{WZ} [ 1, L_μ, R_μ, B^0_μ ] = 0 , (3.15)

one performs the standard Wess-Zumino construction [28] to obtain^5

S_{WZ} [ Σ, L_μ, R_μ, B^0_μ ] = − 1 32π^2 ∫ dxε^{μνρσ} B^0_{μν} ⟨ ΣR_ρΣ^†L_σ − R_ρL_σ − iΣ^† (∂_ρΣ) ( R_σ + Σ^†L_σΣ )⟩ − − 1 48π^2 ∫ dxε^{μνρσ} B^0_μ ⟨ Σ^† (∂_ν Σ) Σ^† (∂_ρΣ) Σ^† (∂_σΣ) ⟩ . (3.16)

From this formula, it can be checked explicitly, using the properties of the differential operator (3.6) that we obtain the desired variation (3.14). Since this variation does not involve the fields π^a, and since the integration measure over the Goldstone bosons is invariant under the SU(2)_L × SU(2)_R × U(1)_{B−L} symmetry, we immediately deduce the variation of the generating functional. We thus get the usual result that this standard Wess-Zumino action, when multiplied by the factor k_{TT} and added to a gauge-invariant action, reproduces the anomalous variation of the generating functional (3.8). This is the standard

5In this SU(2) case, there is no need to introduce a fifth compact dimension: the Wess-Zumino action is simply the space-time integral of an ordinary lagrangian.

– 13 – anomaly-matching procedure. However, we also want to consider the case with fermionic bound-states in the low-energy spectrum: these will in general imply an additional variation of the action under the transformation t. The variation will involve the Goldstone fields themselves and will depend on the U(1)_{B−L} charges of the composite fermions as well as on their couplings.

3.2 Variation of the determinant for composite fermions

On the LEET side, there is a contribution from composite fermions [26, 43, 44] to the anomalous variation of the generating functional Γ [ L_μ, R_μ, B^0_μ ] under a transformation t.

We consider a doublet of composite fermions χ^c as introduced in section 2.1. To make things more compact, we define the operator D̂_c depending only on seven vector sources by its action on χ^c as follows

D̂_c [ L̂_μ, R̂_μ, B^0_μ ] χ^c = γ^μ { i∂_μ + B − L 2 B^0_μ +

1 − γ_5 2 R̂_μ + 1 + γ^5 2 L̂_μ } χ^c . (3.17)

This allows us to write the lagrangian for composite fermions as

L_{comp . ferm .} = χ^cD̂_cχ^c , (3.18)

provided we define the objects with carets by the relations

L̂_μ = L_μ + iδ_RΣD_μΣ^† , (3.19) R̂_μ = R_μ + iδ_LΣ^†D_μΣ , (3.20)

and we treat the Yukawa term as a perturbation. Given that the transformation properties for the quantities with carets are just the same as for the original ones

L̂_μ −→^tL̂_μ = LL̂_μL^† + iL∂_μL^† , (3.21) R̂_μ −→^tR̂_μ = RR̂_μR^† + iR∂_μR^† , (3.22)

one can derive the following expression for the O(p^4ϵ^0ζ^0) variation of the fermion determinant under a generic transformation t

−iD(α, β, α^0) ln Det D̂_c [ L̂_μ, R̂_μ, B^0_μ ] = (B − L) ∫ dx ⟨ βΩ [ L̂_μ, R̂_μ, B^0_μ ]⟩ . (3.23)

In this result, the same Bardeen functional as in (3.8) occurs, but with different arguments. It can be rewritten as Ω [ L̂_μ, R̂_μ, B^0_μ ] = Ω [ L_μ, R_μ, B^0_μ ] + Ω_{δL,δR} [ Σ, L_μ, R_μ, B^0_μ ] , (3.24)

where Ω_{δL,δR} vanishes when both δ_L and δ_R are set equal to zero Ω_{δL,δR} [ Σ, L_μ, R_μ, B^0_μ ] = 1 16π^2 ε^{μνρσ} B^0_{μν} { δ_R ( i∂_ρ ( ΣD_σΣ^† ) + [ R_ρ, ΣD_σΣ^† ]) + + δ_L ( i∂_ρ ( Σ^†D_σΣ ) + [ L_ρ, Σ^†D_σΣ ]) +

– 14 –

+ iδ_Lδ_R [ Σ^†D_ρΣ, ΣD_σΣ^† ] } . (3.25)

One can see, from the transformation properties for L̂_μ and R̂_μ given in (3.21) and (3.22), that the Bardeen variation in (3.23) will also satisfy the Wess-Zumino integrability conditions as in (3.11)–(3.13), although this time the conditions themselves involve the direct action of the operator D on the π^a fields. In fact the non-standard variation Ω_{δL,δR} [Σ, L_μ, R_μ, B^0_μ] given in (3.25) satisfies the consistency conditions on its own as well. Note that this remains true whatever the value of the parameters δ_L and δ_R. This means that we will be able to build a non-standard Wess-Zumino lagrangian reproducing the additional non-standard variation Ω_{δL,δR} [ Σ, L_μ, R_μ, B^0_μ ] separately, which we will need to do later. One can exhibit the explicit expression for such an O(p^4ϵ^0ζ^0) lagrangian S_{δL,δR} [Σ, L_μ, R_μ, B^0_μ] according to S_{δL,δR} [ Σ, L_μ, R_μ, B^0_μ ] = − 1 32π^2 ∫ dxε^{μνρσ}B^0_{μν} ⟨ i (δ_LL_ρ − δ_RR_ρ) ( Σ^†D_σΣ + ΣD_σΣ^† ) − − (δ_L − δ_R) ∂_ρΣ^†D_σΣ + (3.26) + δ_Lδ_R ( Σ^†D_ρΣΣD_σΣ^†−D_ρΣ^†D_σΣ ) ⟩ , from which it can be verified explicitly that the appropriate variation is recovered D(α, β, α^0)S_{δL,δR} [Σ, L_μ, R_μ, B^0_μ] = − ∫ dx⟨βΩ_{δL,δR} [Σ, L_μ, R_μ, B^0_μ]⟩ . (3.27) Notice that we have chosen S_{δL,δR} in (3.26) to satisfy the boundary condition S_{δL,δR} [ 1, L_μ, R_μ, B^0_μ ] = 0 . (3.28)

3.3 Anomaly-matching

In section 3.1 we obtained the total anomalous variation of the generating functional Γ [ L_μ, R_μ, B^0_μ ] , as deduced from the assumed properties of the techni-theory. In this same section, we gave the form of the standard Wess-Zumino lagrangian to be added to the invariant effective lagrangian so that the bosonic part of the LEET reproduced the full variation. Then in section 3.2, we considered the case where the LEET contains composite fermions in addition to Goldstone bosons. We then determined the contribution of the variation of the fermion determinant to the anomalous variation of the lagrangian (since this variation in general contains Σ, and hence an integration over Σ still has to be performed to obtain the action). In that case, on the LEET side, it is the combination of the bosonic variation (the variation of a Wess-Zumino-like term to be determined) and of the variation of the fermion determinant (3.23), which has to match the total variation derived from the techni-theory (3.8). Finding the appropriate lagrangian for the LEET is indeed what the anomaly-matching is about. In our case, this means determining whether there are restrictions on the constants δ_L, δ_R and B − L for the matching to be possible, and finding the form of the Wess-Zumino-like lagrangian in the bosonic sector: we will perform this matching at O(p^4ϵ^0ζ^0), where the question first arises.

– 15 –

With this in mind, we now consider how the variation of Γ [ L_μ, R_μ, B^0_μ ] is reproduced in the effective theory. Integrating over the composite fermions in (2.18), the low-energy representation for the generating functional Γ[L_μ, R_μ, B^0_μ] takes the form e^{iΓ}[^{Lμ,Rμ,B0μ}] = ∫ d [Σ] e^{iSSB}[^{Σ,Lμ,Rμ,B0μ}]^{+ln Det D̂c}[^{L̂μ,R̂μ,B0μ}]^{+O(p4)} , (3.29)

with the obvious definition S_{SB} = ∫ dxL_{SB}. The variation of Γ [ L_μ, R_μ, B^0_μ ] given by expression (3.29) has to equal the one given in (3.8). This is the anomaly-matching condition of ’t Hooft [26], rephrased in the language of effective theories.

Focusing on the variation of the generating functional as reproduced by the LEET (3.29), we use successive rewritings to obtain e^{D(α,β,α0)}e^{iΓ}[^{Lμ,Rμ,B0μ}] = ∫ d [Σ] e^{iSSB}[^{Σ,tLμ,tRμ,tB0μ}]^{+ln Det D̂c}[^{tL̂μ,tR̂μ,tB0μ}]^{+O(p4)} (3.30) = ∫ d [Σ] e^{D(α,β,α0 )}e^{iSSB}[^{Σ,Lμ,Rμ,B0μ}]^{+ln Det D̂c}[^{L̂μ,R̂μ,B0μ}]^{+O(p4)} , (3.31)

where we have renamed the integration variables and then used invariance of the Goldstone boson measure. This is in fact what allowed us to move the differential operator D(α, β, α^0) inside the functional integral, even though it also acts on the pion fields. Some definitions are in order: the action for the Goldstone bosons S_{SB}[Σ, L_μ, R_μ, B^0_μ] is split into two parts

S_{SB} [ Σ, L_μ, R_μ, B^0_μ ] = S_{inv} [ Σ, L_μ, R_μ, B^0_μ ] + Ŝ_{WZ} [ Σ, L_μ, R_μ, B^0_μ ] , (3.32)

where S_{inv} is invariant under a generic t transformation D(α, β, α^0)S_{inv} [ Σ, L_μ, R_μ, B^0_μ ] = 0, (3.33)

while Ŝ_{WZ} is not. We still have to determine what its variation should be, depending on δ_L, δ_R and B − L, in order to satisfy the requirement of anomaly-matching, if this requirement can be fulfilled at all. The ambiguity in the splitting (3.32) is removed provided we adopt a boundary condition such as

Ŝ_{WZ} [1, L_μ, R_μ, B^0_μ] = 0, (3.34)

to pin down the expression for Ŝ_{WZ}, which we are looking for: the anomaly-matching will be satisfied if we can solve for Ŝ_{WZ}. In connection with this problem, we point out that a related analysis has been performed in geometrical language in [45].

Retaining terms in (3.30) that are linear in the parameters of the transformation α, β, α^0 and using the low-energy representation for Γ[L_μ, R_μ, B^0_μ], we arrive at 0 = ∫ d [Σ] e^{iSSB}[^{Σ,Lμ,Rμ,B0μ}]^{+ln Det D̂c}[^{L̂μ,R̂μ,B0μ}]^{+O(p4)}{X[Σ, L_μ, R_μ, B^0_μ] + O(p^6)} , (3.35)

where X is defined through

X[Σ, L_μ, R_μ, B^0_μ] = D(α, β, α^0) { Ŝ_{WZ} [Σ, L_μ, R_μ, B^0_μ] − i ln Det D̂_c [ L̂_μ, R̂_μ, B^0_μ ]} − −D(α, β, α^0)Γ [ L_μ, R_μ, B^0_μ ] . (3.36)

– 16 –

Expanding (3.35) in powers of sources, we deduce by iteration that X vanishes when considered as a power series in the sources. Therefore, for our purposes

X[Σ, L_μ, R_μ, B^0_μ] = 0 , (3.37)

and, from the definition for X[Σ, L_μ, R_μ, B^0_μ] (3.36), we deduce what the variation of Ŝ_{WZ} must be in order to satisfy the anomaly-matching condition. Indeed, injecting the expression for the total variation from the techni-theory (3.8) and the variation of the fermion determinant (3.23) into this definition for X[Σ, L_μ, R_μ, B^0_μ], we can express the variation of Ŝ_{WZ}[Σ, L_μ, R_μ, B^0_μ] under a generic transformation t as follows D(α, β, α^0)Ŝ_{WZ} [ Σ, L_μ, R_μ, B^0_μ ] = −k_{TT} ∫ dx ⟨ βΩ [ L_μ, R_μ, B^0_μ ]⟩ − − (B − L) ∫ dx ⟨ βΩ [ L̂_μ, R̂_μ, B^0_μ ]⟩ . (3.38)

One may rewrite this using the separation (3.24) between standard variation Ω[L_μ, R_μ, B^0_μ] and non-standard variation Ω_{δL,δR} [L_μ, R_μ, B^0_μ]. We have already discussed the Wess- Zumino integrability conditions for both pieces in (3.38) in sections 3.1 and 3.2. The outcome was that it is possible to build a lagrangian reproducing the variation represented by each of these two terms separately, whatever the values of δ_L, δ_R. Here we only have to build a linear combination of the corresponding Wess-Zumino lagrangians: the standard one and the non-standard one. Indeed, a particular solution to this non-standard Wess-Zumino problem is given by

Ŝ_{WZ}[Σ, L_μ, R_μ, B^0_μ] = (k_{TT} + B − L)S_{WZ}[Σ, L_μ, R_μ, B^0_μ] + (B − L)S_{δL,δR} [Σ, L_μ, R_μ, B^0_μ] . (3.39) The boundary conditions for both terms in the last equation are given in (3.15) and (3.28): they imply that our construction automatically verifies the initial condition (3.34) we have chosen.

Thus, equation (3.39) indeed gives us an action Ŝ_{WZ} satisfying (3.38). This shows that the anomaly-matching condition can be solved whatever the value of δ_L, δ_R and B − L, and that there are therefore no restrictions on these constants. In addition, we have obtained the expression of the non-standard Wess-Zumino lagrangian to be added to the bosonic part of the effective lagrangian in order for the total variation of the generating functional to be recovered. Our result obviously accounts for the case without composite fermions as well, as can be found by setting B − L = 0 in equation (3.39). The low-energy representation of the generating functional Γ reads, with the various pieces introduced above e^{iΓ}[^{Lμ,Rμ,B0μ}] = ∫ d [Σ] e^{iSinv}[^{Σ,Lμ,Rμ,B0μ}]^{+iŜWZ}[^{Σ,Lμ,Rμ,B0μ}]^{+ln Det Dc}[^{L̂μ,R̂μ,B0μ}]^{+O(p4)} . (3.40)

Coming back to the assumed transformation properties for the composite fermions, we may also consider the case where the left and right-handed fermions have transformation properties others than those given by (2.11) and (2.12). Except for an interchange between the left and right-handed fermions, however, other choices lead to a Dirac operator whose

– 17 – determinant is invariant. Indeed, in these cases, the left and right-handed fermions do not transform independently under a transformation t, and therefore there can be no anomalous variation of the action under such a transformation. This then entails that such fermion doublets do not participate in the anomaly-matching.

4. Anomaly-matching in a Higgs-less effective theory

If we were to study the anomaly-matching in a theory where the Goldstone modes remained in the spectrum, the results of the previous section would be sufficient: there we performed the anomaly-matching, even in the case where there are composite fermions in the spectrum. However, this is not the end of the story, as we are interested in the situation where the (dynamical) Higgs mechanism occurs, resulting in the removal of all Goldstone modes from the spectrum.

At this stage, the gauge fields G_{0μ}, G_{1μ} introduced in section 2.2 and coupled to the other fields via spurions come into play. Indeed, the spurions introduce the proper identification between the gauge fields and the chiral sources L_μ, R_μ, B^0_μ, which appeared directly in the discussion of anomalies. The situation is analogous to that of χPT, where the global anomalies derived from QCD have to be reproduced by the LEET. This is the anomalymatching discussed in the previous section, which is implemented by adding a Wess-Zumino term in the LEET, with particular care paid to possible composite fermions. However, we are interested in theories of EWSB where all Goldstone modes can be gauged away and the electroweak gauge bosons get their masses. We will require that the techni-theory be such that this indeed happens: the lagrangian can then be rewritten in terms of variables not involving Goldstone fields anymore. Consequently, we have to study field redefinitions related to gauge transformations in order to determine whether the Σ field can indeed be eliminated. Anomalies will play an important part in the discussion at O(p^4) and higher orders. As it turns out, the conclusion will be that such a redefinition is impossible unless anomalies for the low-energy symmetries of the techni-theory vanish, that is, k_{TT} = 0. This is a general condition on the techni-theory itself.

This result is the same whether or not the techni-theory produces composite fermions. Indeed, neither B − L nor the non-standard couplings δ_L, δ_R will ever appear in the manipulations to be performed: using the result of the anomaly-matching of section 3, the question is phrased in terms of the content of the techni-theory itself, instead of the lowenergy variables. Concerning elementary fermions, the consequence will be that the trace of B − L over these elementary fermions has to vanish.

4.1 Anomaly obstruction: the composite sector

We focus on the definition of the unitary gauge using field transformations, in order to check whether the π^a fields can be eliminated from the action. These redefinitions of course rely on the gauge invariance of the action and we ask what is their effect in presence of anomalies, that is, if the constant k_{TT} appearing as a multiplicative factor in front of the anomalous variation of the generating functional for the techni-theory (3.8) is non-zero. We will again study this question at the first order where it appears, that is O(p^4ϵ^0ζ^0). Taking

– 18 – into account possible composite fermions, but not elementary fermions in this section, we can in fact once more work at the stage before the gauge fields G_{0μ}, G_{1μ} are introduced, as we will see.

We work at the level where the fermions are integrated out to yield a determinant, allowing us to focus at first on the bosons. We will briefly come back to the field redefinitions for the composite fermions in section 5. For the case at hand, we will consider the action S [ Σ, L_μ, R_μ, B^0_μ ]

S [ Σ, L_μ, R_μ, B^0_μ ] = S_{inv} [ Σ, L_μ, R_μ, B^0_μ ] + Ŝ_{WZ} [ Σ, L_μ, R_μ, B^0_μ ] − −i ln Det D̂_c [ L̂_μ, R̂_μ, B^0_μ ] , (4.1)

which occurs in the low-energy expression for Γ [ L_μ, R_μ, B^0_μ ] (3.40). Integration over the gauge fields will be performed at a later stage. However, one has to keep in mind that the three vector sources R^a_μ will be identified with the dynamical fields G^a_{1μ}, hence a field redefinition involving these sources can absorb the three Goldstone bosons, while the three sources L^a_μ only contain one dynamical field L^3_μ = g_0G^3_{0μ} and cannot be used for the same purpose. The assumed disappearance of the Goldstone modes from the spectrum means that the action can be rewritten in terms of only seven vector sources, but from the reasoning above, we see that we need only redefine the R_μ sources. We will explicitly use the following definition in order to obtain a new set of vector variables invariant under the SU (2)_R symmetry

g_1W_μ = iΣD_μΣ^† = ΣR_μΣ^† + iΣ∂_μΣ^† − L_μ , (4.2)

and perform the change of variables { Σ, L_μ, R_μ, B^0_μ } −→ { Σ, L_μ, g_1W_μ, B^0_μ } . (4.3)

The possibility to define the action in terms of variables invariant under the gauge symmetry is a consequence of a well-known aspect of the Higgs mechanism —the screening of the gauge charges. The question is then whether, using the general writing S [ Σ, L_μ, R_μ, B^0_μ ] = f [ L_μ, g_1W_μ, B^0_μ ] + h [ Σ, L_μ, g_1W_μ, B^0_μ ] , (4.4)

where the h functional a priori depends on Σ, we find or not h [ Σ, L_μ, g_1W_μ, B^0_μ ] = 0 . (4.5)

Again, to avoid ambiguities in the separation (4.4), we impose the condition h [ 1, L_μ, g_1W_μ, B^0_μ ] = 0 . (4.6)

We first make use of the fact that (4.2) is formally a gauge transformation. Indeed we can write g_1W_μ =^ω R_μ − L_μ , (4.7)

– 19 – with the transformation parameter chosen to depend on the Goldstone fields in the following manner ω = ( L = 1, R = Σ, α^0 = 0 ) . (4.8)

This would indeed be sufficient if only the invariant part in the action (4.1) were present, as we have

S_{inv} [ Σ, L_μ, R_μ, B^0_μ ] = S_{inv} [ 1, g_1W_μ + L_μ, L_μ, B^0_μ ] . (4.9)

Note that we really are only performing field redefinitions and not fixing a gauge [46, 47], therefore there will be no conflict with the fact that we have to choose a particular gauge to solve later the constraints on the spurions, as done in section 2.2: the gauge transformations are merely invoked to guide our reasoning.

We can now study the consequences on the total action S. In fact, we first consider the case of infinitesimal π^a fields and use the result of the anomaly-matching for an infinitesimal transformation D ( α, β, α^0 ) S [ Σ, L_μ, R_μ, B^0_μ ] = −k_{TT} ∫ dx ⟨ βΩ [ L_μ, R_μ, B^0_μ ]⟩ . (4.10)

We next inject in this relation the infinitesimal version of the chiral transformation (4.8) used above in order to eliminate the Goldstone fields from the even intrinsic-parity terms. This transformation assumes the form ω = ( L = 1, R = 1 + i π f + O ( π^2 ) , α^0 = 0 ) , (4.11)

where the Goldstone fields π were defined in (3.5). Injecting (4.11) into (4.10) and reshuffling the terms, the result (4.10) can be recast in a form more useful for our purposes S [ Σ, L_μ, R_μ, B^0_μ ] = S[1, L_μ, g_1W_μ + L_μ, B^0_μ] + k_{TT} 2f ∫ dx⟨πΩ[L_μ, g_1W_μ + L_μ, B^0_μ]⟩ + O(π^2) . (4.12) We can identify the part independent on the Goldstone boson fields f [ L_μ, g_1W_μ, B^0_μ ] = S [ 1, L_μ, g_1W_μ + L_μ, B^0_μ ] , (4.13)

whereupon we see that the power series of h in powers of π^a begins with the linear term h [ Σ, L_μ, g_1W_μ, B^0_μ ] = k_{TT} 2f ∫ dx ⟨ πΩ [ L_μ, g_1W_μ + L_μ, B^0_μ ]⟩ + O ( π^2 ) . (4.14)

The only possibility for this functional to be independent of the Goldstone modes is then to have k_{TT} = 0 , (4.15)

that is, if the symmetries of the techni-theory that are operative on the low-energy degrees of freedom are anomaly-free. In that case only can we get rid of the Goldstone fields via field redefinitions. We now show that this remains true for finite values of the Goldstone fields.

– 20 –

If condition (4.15) is met by the techni-theory, we can show that the field redefinition (4.2) does eliminate the Goldstone boson field in the finite case as well: we then have S [ 1, L_μ, g_1W_μ + L_μ, B^0_μ ] = e^{D(α,β,0)}S [ Σ, L_μ, R_μ, B^0_μ ]| |_{(α,β)=}^(_{π2f , π2f}^) = S [ Σ, L_μ, R_μ, B^0_μ ] , (4.16)

where, in the last step, we have used the absence of anomalous variation of S[Σ, L_μ, R_μ, B^0_μ] in (4.10) when k_{TT} = 0, as deduced in (4.15). The functional h[Σ, L_μ, g_1W_μ, B^0_μ], defined in (4.4), is then found to vanish, concluding our proof.

To summarize the main result of the present section, we recall that the condition that the Goldstone modes do not appear in the spectrum requires the absence of anomalies for the low-energy symmetries of the techni-theory: k_{TT} has to vanish. If there are light composite fermions, the LEET must involve a Wess-Zumino-like term in order to compensate for the anomalous variation of the fermion determinant. We have shown that such a Wess-Zumino term can be constructed whatever the value of δ_L, δ_R and B − L. On the other hand, if there are no light composite fermions, then there will be no Wess-Zumino term, since k_{TT} has to vanish.

We have concluded that, for those Higgs-less models to which our effective description applies, the underlying theory has to be anomaly-free with respect to the global group SU(2)_L × SU(2)_R × U(1)_{B−L}, in order for the GBs to disappear from the spectrum. Considering applications to technicolor models, one must keep in mind that the larger S_{natural} symmetry has never been introduced in the past. On the other hand, technicolor models are usually constructed to be anomaly-free under the electroweak gauge group SU(2) × U(1)_Y [48], which is the corresponding requirement. In order for anomalies to vanish, one adds new particles, for instance strongly-interacting technileptons to balance the B −L charges of the techniquarks. The global symmetry group is then larger than that of QCD with two massless flavors (i.e. than SU(2)_L ×SU(2)_R ×U(1)_{B−L}). One expects this modification to be reflected in the spectrum of (massive) bound states, and therefore the spectral functions should a priori behave differently. Therefore, the estimates for the value of the S parameter (alternatively L_{10}), derived from QCD are not theoretically justified in the cases of interest for Higgs-less EWSB, since they are directly linked with the vector and axial spectral functions [10].

We stress again that, using the result from the anomaly-matching derived previously, we did not have to deal with the couplings of possible composite fermions: these simply did not show up in the reasoning. As far as the Higgs mechanism is concerned, composite fermions may just as well be absent: the derivation would be identical.

Actually, as far as anomalies are concerned, the main difference between composite fermions (if they are present) and elementary ones are concerns the trace of the quantum number B − L. Whereas for elementary fermions, ∑ (B − L) has to vanish (see next section), for composite fermions this is not necessary: composite fermions do not necessarily constitute a full generation as the SM fermions do. There is in fact an additional distinction stemming from the mass term (2.16): compared to elementary fermions, com-

– 21 – posite fermions are heavier (see [25]) but have a relatively smaller mass-splitting within the doublet. Obviously, these are theoretical distinctions, and composite fermions might be mistaken for elementary ones in experiments, especially if δ_L ≃ δ_R ≃ 0.

4.2 Elementary fermions in the unitary gauge

In this section, we consider elementary fermions, instead of the composite fermions we have been dealing with up to now. For these fermions, there is no anomaly-matching to be performed since the fundamental variables are assumed to correspond directly to the physical degrees of freedom at low-energy, due to the perturbative nature of their couplings. We thus focus on the question of anomalies as an obstruction to the elimination of the Goldstone modes from the action: as we shall see, the results are independent of our previous discussion concerning composite fermions. Elementary fermions have been studied in an exactly identical setting in [25], and we only discuss additional aspects related to anomalies. We will find that the trace of B − L over the elementary fermions has to vanish for the action to be independent of the Goldstone modes.

We define the Dirac operator D_e

D_eχ^e = iγ^μD_μχ^e , (4.17)

such that the O(p^2) lagrangian for elementary fermions is given by

L_{elem . ferm .} = χ^eD_eχ^e . (4.18)

The transformation properties of D_e under the symmetries SU(2)_L × SU(2)_R of the technitheory are trivial given that the elementary fermions on which it is to be applied are external to this theory, and we need only consider SU(2)_{G0} × SU(2)_{G1} × U(1)_{B−L} transformations. Under such a transformation τ parameterized τ = ( G_0 = e^{i(θ−φ)}, G_1 = e^{i(θ+φ)}, α^0 ) , (4.19)

the variation of the determinant is given by the following expression, where we restrict to the first non-zero term, that is O(p^4ϵ^0)

−iD(θ, φ, α^0) ln Det D_e[g_0G_{0μ}, g_1G_{1μ}, B^0_μ] = (B − L) ∫ dx⟨φΩ[g_0G_{0μ}, g_1G_{1μ}, B^0_μ]⟩ . (4.20)

The Bardeen functional Ω occurring here is the same as appeared previously in (3.10) albeit with different functional arguments. We may explicitly display its expression as Ω [ g_0G_{0μ}, g_1G_{1μ}, B^0_μ ] = 1 16π^2 ε^{μνρσ} B^0_{μν} (g_0∂_ρG_{0σ} + g_1∂_ρG_{1σ} − ig_0g_1 [G_{0ρ}, G_{1σ} ]) . (4.21)

We now turn to the field redefinitions required to obtain the unitary gauge variables for the bosonic sector. Since the elementary fermions do not transform under SU(2)_R but rather under SU(2)_{G1} , we have to redefine the G_{1μ} fields rather than the R_μ sources as we did in (4.2) in order to absorb the three Goldstone bosons. We would like to perform the

– 22 – field redefinitions at the level of the full covariant lagrangian, that is, regardless of any gauge choice. Notice that the real spurion X, connecting R_μ and g_1G_{1μ} can be decomposed as

X = ξ(x)U(x) , (4.22)

where ξ(x) is a real function and U ∈ SU(2). The appropriate redefinition of the fields G^a_{1μ} that absorbs the matrix Σ into the three vector fields W^a_μ is then

g_1W_μ = iΣUD_μ ( U^†Σ^† )

= iΣU∂_μ ( U^†Σ^† ) + g_1ΣUG_{1μ}U^†Σ^† − L_μ , (4.23)

instead of the definition previously given in (4.2). On the space of solutions of the constraints D_μX = 0 the two definitions are actually identical. Indeed, the constraint of covariant constancy applied on the spurion X, results in ξ being a constant and into

D_μU ≡ ∂_μU − iR_μU + ig_1UG_{1μ} = 0 , (4.24)

showing that

W_μ = W_μ . (4.25)

This result is true as it stands, due to the constraints, and without any gauge choice. We notice that the field redefinition (4.23) is again formally a gauge transformation, but this time it is a particular case of a τ transformation as introduced in (4.19) — as opposed to a t transformation (3.1) — with parameters depending on the Goldstone and spurion fields λ = ( G_0 = 1, G_1 = ΣU, α^0 = 0 ) , (4.26)

so that we can rewrite (4.23) as

g_1W_μ = g_1^λG_{1μ} − L_μ . (4.27)

To study the consequences of the field redefinition (4.23), we use the outcome of the integration ∫ d [χ^e] e^i ∫ dxχ^eD_e[g_0G_{0μ},g_1G_{1μ},B^0_μ]χ^e = eln Det D_e[g_0G_{0μ},g_1G_{1μ},B^0_μ] , (4.28)

and proceed as in section 4.1. We start with the case of an infinitesimal π field and infinitesimal κ of the same order defined as

U = e^{i κf} . (4.29)

Application of an infinitesimal transformation then yields −iD ( θ = π + κ 2f , φ = π + κ 2f , α^0 = 0 ) ln Det D_e [ g_0G_{0μ}, g_1G_{1μ}, B^0_μ ] =

– 23 –

= B − L 2f ∫ dx ⟨ (π + κ) Ω [ g_0G_{0μ}, g_1W_μ + L_μ, B^0_μ ]⟩ + O(π^2, πκ, κ^2) . (4.30)

This shows that it is impossible to absorb the Goldstone boson fields in the action unless the trace of B − L over elementary fermions vanishes. To deduce this, we have used the fact that there can be no cancellation between (4.30) and (4.12): the anomalous variation of the determinant for elementary fermions must vanish by itself in order to get rid of the Goldstone modes. Thus we must impose for consistency ∑ elementary fermions

(B − L) = 0 . (4.31)

One then checks that the field redefinitions do also work for finite transformations. Usually, the condition (4.31) derives from the requirement of renormalizability of the theory [49, 46, 50, 51], which is not of an obvious relevance within the present framework of LEET. Nevertheless, this relation reappears here as a necessary condition for the Higgs-less symmetry breaking mechanism to occur.

Finally, in order to write the action in unitary gauge at the level of the functional integral for fermions, we may in addition to the field redefinitions in the bosonic sector, introduce the following redefinition for fermions

ψ^e_L =^λχ^e_L = ΣUχ^e_L , (4.32) ψ^e_R =^λχ^e_R = χ^e_R . (4.33)

This is in fact the definition implied by the transformation λ (4.26). The new ψ^e variables are invariant under the SU(2)_R × SU(2)_{G1} symmetry as are the W_μ fields: this is indeed the purpose of these redefinitions

ψ^e_L −→^tψ^e_L = Le^{−i B−L2 α0} ψ^e_L , (4.34) ψ^e_R −→^tψ^e_R = G_0e^{−i B−L2 α0} ψ^e_R . (4.35)

Since the lagrangian for elementary fermions (2.27), as well as the fermionic integration measure are both invariant under the transformation λ, we have ∫ d [χ^e] e^{iχeDe}[^{g0G0μ,g1G1μ,B0μ}]^{χe} = ∫ d [ψ^e] e^{iψeDe}[^{g0G0μ,g1Wμ+Lμ,B0μ}]^{ψe} . (4.36)

The conclusion is then that the lagrangian in the unitary gauge is directly obtained via the replacement { χ^e, Σ, G_{1μ}, B^0_μ } −→ { ψ^e, 1, W_μ + 1 g_1 L_μ, B^0_μ } . (4.37)

5. Triangles in the unitary gauge

We now wish to introduce the corresponding redefinitions for composite fermions in the unitary gauge. They should be such that the composite fermion fields are invariant under SU(2)_R. Therefore, we set, using the ω transformation from (4.8)

ψ^c_L =^ωχ^c_L = Σχ^c_L , (5.1)

– 24 – ψ^c_R =^ωχ^c_R = χ^c_R , (5.2)

which indeed yields

ψ^c_L −→^tψ^c_L = Le^{−i B−L2 α0} ψ^c_L , (5.3) ψ^c_R −→^tψ^c_R = Le^{−i B−L2 α0} ψ^c_R , (5.4)

as desired.

Of course, the determinant of the Dirac operator D_c defined as D_c [ Σ, L_μ, R_μ, B^0_μ ] = D̂_c [ L̂_μ, R̂_μ, B0_μ ] is not invariant under the ω transformation. However, due to the absence of anomalies for the whole techni-theory (k_{TT} = 0), this variation is compensated by that of the Wess-Zumino term. Hence we can rewrite (4.16) in the form e^{iSinv}[^{Σ,Lμ,Rμ,B0μ}]^{+iŜWZ[Σ,Lμ,Rμ,B0μ]} ∫ d [χ^c] e^i ∫ dxχ^cD_c[Σ,L_μ,R_μ,B^0_μ]χ^c = = e^{iSSB}[^{1,Lμ,g1Wμ+Lμ,B0μ}] ∫ d [ψ^c] e^i ∫ dxψ^cD_c[1,L_μ,g_1W_μ+L_μ,B^0_μ]ψ^c , (5.5)

where we have used the boundary condition (3.34) for Ŝ_{WZ}. The outcome is again that we merely have to perform the following replacement in the lagrangian { χ^c, Σ, L_μ, R_μ, B^0_μ } −→ { ψ^c, 1, L_μ, g_1W_μ + L_μ, B^0_μ } , (5.6)

in order to obtain the lagrangian in unitary gauge.

It is in fact quite natural to work in the unitary gauge for such effective theories: this has the additional advantage that the Wess-Zumino-like term vanishes in this gauge, due to the boundary condition (3.34). We therefore use this gauge for the following discussion of anomalous triangular diagrams: we can write ∫ d [Σ] e^{iS}[^{Σ,Lμ,Rμ,B0μ}] = ∫ d [ψ^c] e^i ∫ dxL_{SB}[1,L_μ,g_1W_μ+L_μ,B^0_μ]+ψ^cD_c[1,L_μ,g_1W_μ+L_μ,B^0_μ]ψ^c ,

(5.7) where the integration over Σ has been performed, yielding a constant factor since the action does not depend on these fields anymore.

To determine the anomalous contribution of fermion triangles to the three-point functions of the techni-currents, we may proceed as follows: first one uses the expression for the techni-currents J^μ_L in terms of the low-energy variables. These are obtained by considering the full lagrangian in a generic gauge, taking the functional derivative with respect to the sources L_μ,^6 and then injecting the solution to the constraints in the standard gauge to make the field content explicit. When this is written in terms of unitary gauge variables, we obtain^7

J^{3ν}_L = − √ 1 + γ^2

M^2_W g_1

Z^ν + δ_Lψ^c_Lγ^ν τ^3 2 ψ^c_L + (1 − δ_R) ψ^c_Rγ^ν τ^3 2 ψ^c_R , (5.8)

6While the currents J^μ_R are perfectly sensible in the techni-theory, their expression in terms of low-energy variables would be of little use in the present framework since the corresponding sources R^μ are identified with the SU(2) gauge fields g1G^μ_1 .

7The necessary diagonalization for vector fields was described in [25].

– 25 –

Figure 6: Direct contribution to the matrix element.

Figure 7: Indirect contribution to the matrix element, involving the emission of a vector boson.

J^{±ν}_L = − M^2_W g_1

W^{ν±} + 1 √ 2 δ_Lψ^c_Lγ^ν τ^±ψ^c_L + 1 √ 2 (1 − δ_R) ψ^c_Rγ^ν τ^±ψ^c_R , (5.9)

where

M^2_W = g^2_1 f^2 4 , (5.10) γ = g_0 g_1

. (5.11)

We can then express, following [27], the matrix element of these currents between two asymptotic fermion states described by spinors u^′ and u satisfying the massless Dirac equation, with identical momentum p ⟨ u^′, i, p | J^{aμ}_L (0) | u, j, p ⟩ = u^′γ^μJ^a_{ij} u , (5.12)

where J^a is a two by two matrix representing the charges associated to the Noether currents J^{aμ}_L (the indices i, j distinguish between the upper and lower component of the doublet).

To calculate this, we must take into account two contributions: one coming from a direct contraction of the external spinors with the last two terms in (5.8) or in (5.9), as depicted in figure 6, and one where a vector propagator is involved, as in figure 7. However in this last case, the propagator is taken at k = 0, and this results in a local term. The matrix element of (5.12) is then given by the sum of the two terms. In the second graph (figure 7), the longitudinal polarization of the vector propagator does not contribute, as can be seen by making use of the massless Dirac equation. Calculation of this last diagram requires the expression for the interactions of composite fermions with the vector fields. This is obtained by injecting the solution to the constraints in the standard gauge into the lagrangian for composite fermions (2.13), rewriting in the unitary gauge and then diagonalizing the vector fields, to arrive at

L_{comp} = iψ^cγ^μ∂_μψ^c + eψ^cγ^μQψ^cA_μ − g_1 γ^2 √ 1 + γ^2 ψ^cγ^μQψ^cZ_μ +

+g_1 (1 − δ_L) √ 1 + γ^2ψ^c_Lγ^μ τ^3 2 ψ^c_LZ_μ + g_1 √ 2 (1 − δ_L) ψ^c_Lγ^μτ^±ψ^c_LW^±_μ +

+g_1δ_R √ 1 + γ^2ψ^c_Rγ^μ τ^3 2 ψ^c_RZ_μ + g_1 √ 2 δ_Rψ^c_Rγ^μτ^±ψ^c_RW^±_μ , (5.13)

– 26 – with Q = τ^3 2 + B − L 2 , (5.14) e = g_1g_0 √ g^2_1 + g^2_0

. (5.15)

Setting δ_L = δ_R = 0 in (5.13), one may check that the same tree-level couplings of fermions to vector fields as in the SM are recovered. As announced before, δ_L and δ_R respectively allow for non-universal couplings of left-handed composite fermions and for couplings of right-handed composite fermions with W^± respectively. With this in mind, one finds that the forward matrix elements of the type (5.12) have a vector structure and do not involve the anomalous δ_L, δ_R couplings

J^3 = 1 1 + γ^2 ( τ^3 2 − γ^2 B − L 2 ) , (5.16)

J^± = τ^± √ 2 . (5.17)

The same is true of the matrix elements of the electromagnetic current. Thus, triangle diagrams with composite fermions running around the loop do not generate any anomalous contribution to the three-point functions of the techni-currents and electromagnetic currents. There are no other possible anomalous contributions to these Green’s functions in unitary gauge since the Wess-Zumino term Ŝ_{WZ} occurring in the right-hand side of (5.7) vanishes due to the boundary condition (3.34). This result agrees with that of section 4.1, which stated that the Green’s functions of the techni-currents must be anomaly-free, otherwise we would not have been able to absorb the Goldstone bosons when defining the unitary gauge in the first place. The effects of δ_L and δ_R will then only be visible for q^2 ≠ 0 in figure 7.

On the other hand, we still have to investigate the contribution of triangular diagrams to the three-point functions of the gauge bosons: anomalies were first encountered in this context in the literature. Expressing the couplings of fermions to gauge bosons in unitary gauge as given by (5.13) in terms of the following building blocks

j^0_μ = 1 2 ψ^cγ_μψ^c , (5.18)

j^a_μ = ψ^cγ_μ τ^a 2 ψ^c , (5.19)

j^{5,a}_μ = ψ^cγ_μγ_5 τ^a 2 ψ^c , (5.20)

one can give the expression of the triangle contribution to an effective triple gauge boson interaction in terms of one single function T_{μνρ} (see [27]) containing the full information about the triangle

(2π)^4δ^{(4)}(k_1 + k_2 + k_3)T_{μνρ}(k_1, k_2, k_3) = − ∫ dxdydze^{−i(k1·x+k2·y+k3·z)} × ×⟨0|T j^0_μ(x)j^3_ν (y)j^{5,3}_ρ (z)|0⟩ . (5.21)

– 27 –

Defining e^{iW} [^{W ±μ ,Zμ,Aμ}] = ∫ d [ψ^c] e^i ∫ dxL_{comp . ferm .}[ψ^c,W^±_μ ,Z_μ,A_μ] , (5.22)

we get in momentum space the following trilinear terms

W [W^±_μ , Z_μ, A_μ] = ∫ dk_2 (2π)^4 dk_3 (2π)^4 g^3_1 T_{μνρ}(−k_2 − k_3, k_2, k_3) × × { D^{AW W} A^μ(−k_2 − k_3)(W^{+ν} (k_2)W^{−ρ}(k_3) + W^{−ν} (k_2)W^{+ρ}(k_3)) +

+ D^{ZW W} Z^μ(−k_2 − k_3)(W^{+ν} (k_2)W^{−ρ}(k_3) + W^{−ν} (k_2)W^{+ρ}(k_3)) + + D^{ZZZ} Z^μ(−k_2 − k_3)Z^ν (k_2)Z^ρ(k_3) + + D^{AZZ} A^μ(−k_2 − k_3)Z^ν (k_2)Z^ρ(k_3) + + D^{ZAZ} Z^μ(−k_2 − k_3)A^ν (k_2)Z^ρ(k_3) + + D^{AAZ} A^μ(−k_2 − k_3)A^ν (k_2)Z^ρ(k_3) + + quadratic terms and higher powers } , (5.23)

corresponding to the triangular diagrams. In (5.23), the D constants are determined as linear combinations of only two constants D^{AW W} = γ √ 1 + γ^2 B − L 4 ( δ^2_R − (1 − δ_L)^2 ) , (5.24) D^{AAZ} = γ^2 √ 1 + γ^2 B − L 2 (δ_R + δ_L − 1) , (5.25)

by the following relations D^{ZW W} = −γD^{AW W} , (5.26) D^{ZAZ} = −γD^{AAZ} , (5.27) D^{AZZ} = ( 1 + γ^2 ) D^{AW W} − γD^{AAZ} , (5.28) D^{ZZZ} = −γ (( 1 + γ^2 ) D^{AW W} − γD^{AAZ} ) . (5.29)

Thus we find that these loops do in particular generate trilinear interactions between neutral electroweak vector bosons. The implications of anomalies and of the parameters δ_L, δ_R on these interactions may then be studied following [52]–[55]. Let us just point out that anomalous contributions from each doublet would vanish if^8

δ_L + δ_R = 1 . (5.30)

Note that renormalizability order-by-order in the sense of Weinberg [1] is not lost: on the contrary, we have seen that the three-point function of the techni-currents obey the

8There is no contradiction with the fact that elementary fermions have δL = δR = 0 at this order: for elementary fermions, the absence of anomalous contributions to three-point functions of the electroweak vector bosons follows from the condition on the trace of B − L.

– 28 – appropriate transformation properties as deduced from the techni-theory, and which serve as a guide for the construction of the effective lagrangian. On the other hand, we find that there are in general anomalous contributions to three-point functions of electroweak vector bosons. It should be stressed that there is no conflict here: the symmetry of the technitheory on which the LEET hinges must be anomaly-free, and the generating functional must reflect this. On the other hand, the symmetries whose currents are coupled to the elementary gauge bosons may be anomalous. Since the effective theory framework is not based on the requirement of renormalizability in the usual sense, this does not endanger the consistency of the theory.

6. Conclusion

In this paper, we have investigated the minimal low-energy effective theory description of EWSB, where renormalization proceeds order-by-order in the momentum expansion instead of the usual renormalization order-by-order in powers of the coupling constants. In particular, we have analyzed the relation implied by the anomaly-matching between the effective theory operating with low-energy degrees of freedom (Goldstone bosons and, possibly, light composite fermions) and the fundamental ‘techni-theory’, representing the unknown ultra-violet completion of the LEET.

We have derived a necessary condition, which the techni-theory has to satisfy in order to allow all Goldstone modes to be removed from the spectrum by the Higgs mechanism: symmetries of the techni-theory under which the low-energy degrees of freedom are charged must be anomaly-free, that is k_{TT} = 0 in the notation of section 3. This conclusion is true independently of the presence of composite fermions: the anomaly-matching allowed us to phrase the question directly in terms of the underlying techni-theory. Technicolor models are usually constructed to be anomaly-free [48]. The relevant question is then how the restriction k_{TT} = 0 modifies the spectrum of low-lying bound states as compared to QCD in which k_{TT} = N_c/3. Beyond such models, translating the restriction k_{TT} = 0 in terms of the fundamental variables of a generic techni-theory is far from obvious: to achieve this, one would have to go beyond the effective theory.

Concerning the anomaly-matching, we have extended the construction of the Wess- Zumino effective lagrangian to the case where the low-energy sector contains composite fermions in addition to Goldstone bosons. This turns out to be possible whatever the values of the U(1)_{B−L} charges of the composite fermions, and for any values of their non-standard couplings δ_L, δ_R. Consequently, there are no restrictions on these couplings. The possibility of having an (incomplete) fourth generation of fermions, which would be composite is thus theoretically open.

Within the spurion formalism developed in [25], the distinction between composite and elementary fermions is unambiguous: since the composite and elementary sectors of the theory are coupled only via spurions, the mixing between composite and elementary fermions is an effect of higher orders in the spurion expansion. Qualitatively, the exclusive properties of composite fermions should be: i) the non-standard couplings δ_L, δ_R describing a violation of universality of left-handed couplings to electroweak vector bosons, as well

– 29 – as right-handed couplings to W^±, ii) a relatively large mean mass m of the doublet and a splitting within the doublet Δm ≪ m, iii) no restriction on B − L, that is a possibility to have incomplete composite fermion generations. These properties practically exclude the interpretation of known fermion doublets as composite in the above sense. We have also shown in section 5 that composite fermions would indirectly manifest themselves in the triple boson vertices induced by anomalous triangular graphs. Only composite fermions that have δ_L + δ_R ≠ 1 can contribute to such graphs.

Elementary fermions necessarily have δ_L = δ_R = 0 at the leading-order of the spurion expansion. They do not participate in the anomaly-matching, being exterior to the composite sector. Nevertheless, as shown in section 4, one recovers the usual condition that the trace of B − L over elementary fermions vanishes. The reason for this is not the usual requirement of renormalizability but rather the assumption that all Goldstone modes are removed from the spectrum by the Higgs mechanism. The whole effective theory can then be consistently formulated in the unitary gauge.

Acknowledgments

We are grateful to Marc Knecht for valuable discussions. We also profited from stimulating questions and comments from Laurent Lellouch. We express our thanks to the referee for helping us in straightening out our argument concerning technicolor models as found in the literature.

This work was supported in part by the European Community EURIDICE network under contract HPRN-CT-2002-00311.

References

[1] S. Weinberg, Phenomenological lagrangians, Physica A96 (1979) 327.

[2] J. Gasser and H. Leutwyler, Chiral perturbation theory to one loop, Ann. Phys. (NY) 158 (1984) 142.

[3] J. Gasser and H. Leutwyler, Chiral perturbation theory: expansions in the mass of the strange quark, Nucl. Phys. B 250 (1985) 465.

[4] H. Georgi, Weak interactions and modern particle theory. Addison-Wesley, Redwood City 1984.

[5] A. Dobado, D. Espriu and M.J. Herrero, Chiral lagrangians as a tool to probe the symmetry breaking sector of the SM at LEP, Phys. Lett. B 255 (1991) 405.

[6] A. Nyffeler, The electroweak chiral lagrangian revisited, hep-ph/9912472.

[7] L. Susskind, Dynamics of spontaneous symmetry breaking in the Weinberg-Salam theory, Phys. Rev. D 20 (1979) 2619.

[8] B. Holdom and J. Terning, Large corrections to electroweak parameters in technicolor theories, Phys. Lett. B 247 (1990) 88.

[9] M. Golden and L. Randall, Radiative corrections to electroweak parameters in technicolor theories, Nucl. Phys. B 361 (1991) 3.

– 30 –

[10] M.E. Peskin and T. Takeuchi, Estimation of oblique electroweak corrections, Phys. Rev. D 46 (1992) 381.

[11] Particle Data Group collaboration, K. Hagiwara et al., Review of particle physics, Phys.

Rev. D 66 (2002) 010001.

[12] C.T. Hill and E.H. Simmons, Strong dynamics and electroweak symmetry breaking, Phys.

Rept. 381 (2003) 235 [hep-ph/0203079].

[13] A. Nyffeler and A. Schenk, The electroweak chiral lagrangian reanalyzed, Phys. Rev. D 62 (2000) 113006 [hep-ph/9907294].

[14] B. Holdom, Raising the sideways scale, Phys. Rev. D 24 (1981) 1441. [15] B. Holdom, Techniodor, Phys. Lett. B 150 (1985) 301.

[16] K. Yamawaki, M. Bando and K.-I. Matumoto, Scale invariant technicolor model and a technidilaton, Phys. Rev. Lett. 56 (1986) 1335.

[17] T.W. Appelquist, D. Karabali and L.C.R. Wijewardhana, Chiral hierarchies and the flavor changing neutral current problem in technicolor, Phys. Rev. Lett. 57 (1986) 957.

[18] T. Appelquist and L.C.R. Wijewardhana, Chiral hierarchies and chiral perturbations in technicolor, Phys. Rev. D 35 (1987) 774.

[19] T. Appelquist and C.W. Bernard, Strongly interacting Higgs bosons, Phys. Rev. D 22 (1980) 200.

[20] A.C. Longhitano, Heavy Higgs bosons in the Weinberg-Salam model, Phys. Rev. D 22 (1980) 1166.

[21] A.C. Longhitano, Low-energy impact of a heavy Higgs boson sector, Nucl. Phys. B 188 (1981) 118.

[22] C. Csáki, C. Grojean, L. Pilo and J. Terning, Towards a realistic model of Higgsless electroweak symmetry breaking, Phys. Rev. Lett. 92 (2004) 101802 [hep-ph/0308038].

[23] R. Barbieri, A. Pomarol and R. Rattazzi, Weakly coupled Higgsless theories and precision electroweak tests, Phys. Lett. B 591 (2004) 141 [hep-ph/0310285].

[24] G. Cacciapaglia, C. Csáki, C. Grojean and J. Terning, Oblique corrections from Higgsless models in warped space, hep-ph/0401160.

[25] J. Hirn and J. Stern, The role of spurions in Higgs-less electroweak effective theories, Eur.

Phys. J. C 34 (2004) 447 [hep-ph/0401032].

[26] G. ’t Hooft, Naturalness, chiral symmetry, and spontaneous chiral symmetry breaking, in Recent developments in gauge theories. Proceedings of the NATO Advanced Studies Institute, Cargèse, 1979, G. ’t Hooft et al. eds., Plenum Press, New York 1979.

[27] S.R. Coleman and B. Grossman, ’t Hooft’s consistency condition as a consequence of analyticity and unitarity, Nucl. Phys. B 203 (1982) 205.

[28] J. Wess and B. Zumino, Consequences of anomalous Ward identities, Phys. Lett. B 37 (1971) 95.

[29] H. Leutwyler, On the foundations of chiral perturbation theory, Ann. Phys. (NY) 235 (1994) 165 [hep-ph/9311274].

– 31 –

[30] J. Wudka, Electroweak effective lagrangians, Int. J. Mod. Phys. A 9 (1994) 2301 [hep-ph/9406205].

[31] T. Appelquist, M.J. Bowick, E. Cohler and A.I. Hauser, The breaking of isospin symmetry in theories with a dynamical Higgs mechanism, Phys. Rev. D 31 (1985) 1676.

[32] R.D. Peccei and X. Zhang, Dynamical symmetry breaking and universality breakdown, Nucl.

Phys. B 337 (1990) 269.

[33] R. Urech, Virtual photons in chiral perturbation theory, Nucl. Phys. B 433 (1995) 234 [hep-ph/9405341].

[34] S. Weinberg, The quantum theory of fields, vol. 2. Modern applications. Cambridge University Press, Cambridge 1996.

[35] S.L. Adler, Axial-vector vertex in spinor electrodynamics, Phys. Rev. 177 (1969) 2426. [36] W.A. Bardeen, Anomalous Ward identities in spinor field theories, Phys. Rev. 184 (1969) 1848.

[37] S.L. Adler and W.A. Bardeen, Absence of higher-order corrections in the anomalous axial-vector divergence equation, Phys. Rev. 182 (1969) 1517.

[38] K. Fujikawa, Path integral measure for gauge invariant fermion theories, Phys. Rev. Lett. 42 (1979) 1195.

[39] K. Fujikawa, Path integral for gauge theories with fermions, Phys. Rev. D 21 (1980) 2848. [40] A.P. Balachandran, G. Marmo, V.P. Nair and C.G. Trahern, A nonperturbative proof of the non-abelian anomalies, Phys. Rev. D 25 (1982) 2713.

[41] I. Tsutsui, On the origin of anomalies in the path integral formalism, Phys. Rev. D 40 (1989) 3543.

[42] R. Kaiser, Anomalies and WZW-term of two-flavour QCD, Phys. Rev. D 63 (2001) 076010 [hep-ph/0011377].

[43] T. Banks, S. Yankielowicz and A. Schwimmer, Anomaly constraints in chiral gauge theories, Phys. Lett. B 96 (1980) 67.

[44] Y. Frishman, A. Schwimmer, T. Banks and S. Yankielowicz, The axial anomaly and the bound state spectrum in confining theories, Nucl. Phys. B 177 (1981) 157.

[45] L. Alvarez-Gaumé and P.H. Ginsparg, Geometry anomalies, Nucl. Phys. B 262 (1985) 439. [46] D.J. Gross and R. Jackiw, Effect of anomalies on quasirenormalizable theories, Phys. Rev. D 6 (1972) 477.

[47] C. Grosse-Knetter and R. Kogerler, Unitary gauge, Stückelberg formalism and gauge invariant models for effective lagrangians, Phys. Rev. D 48 (1993) 2865 [hep-ph/9212268].

[48] E. Farhi and L. Susskind, Technicolor, Phys. Rept. 74 (1981) 277.

[49] C. Bouchiat, J. Iliopoulos and P. Meyer, An anomaly free version of Weinberg’s model, Phys.

Lett. B 38 (1972) 519.

[50] C.P. Korthals Altes and M. Perrottet, Anomalous Ward-identities, gauge-variance and appearance of ghosts in Higgs-Kibble type theories, Phys. Lett. B 39 (1972) 546.

[51] H. Georgi and S.L. Glashow, Gauge theories without anomalies, Phys. Rev. D 6 (1972) 429.

– 32 –

[52] F.M. Renard, Tests of neutral gauge boson selfcouplings with e^+e^− → γZ, Nucl. Phys. B 196 (1982) 93.

[53] A. Barroso, F. Boudjema, J. Cole and N. Dombey, Electromagnetic properties of the Z boson, 1, Z. Physik C 28 (1985) 149.

[54] G.J. Gounaris, J. Layssac and F.M. Renard, Signatures of the anomalous Zγ and ZZ production at the lepton and hadron colliders, Phys. Rev. D 61 (2000) 073013 [hep-ph/9910395].

[55] G.J. Gounaris, J. Layssac and F.M. Renard, New and standard physics contributions to anomalous Z and γ self-couplings, Phys. Rev. D 62 (2000) 073013 [hep-ph/0003143].

– 33 –